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ABSTRACT : We present a simulation method for relative permeability using the two-phase Lattice-Boltzmann (LB) method.
Our implementation honors physical two-phase flow phenomena, such as Laplace’s law and contact angles. The successful replication
of a drainage-type snap-off indicates that our method properly describes capillary pressure. We applied our method to realistic
pore geometry, a digital Fontainebleau sandstone sample from synchrotron X-ray microtomography technique. Both steady state
and unsteady state simulations were performed, and we could successfully obtain relative permeability and effective flux as a
function of time and location. We observed the nonlinearity between pressure gradient and effective flux through the steady-state
simulation. This nonlinearity is easily predictable, since two-phase fluid flow is mainly controlled by capillary pressure, which is
not linearly related to the pressure gradient. The unsteady-state simulations showed very realistic replacement of one phase by the
other, for drainage as well as imbibition. After verifying that the two-phase LBM can simulate two-phase fluid flow through
porous media, we investigated the effect of initial distribution of two fluids - the change in sweep efficiency due to different initial
distributions. When the non-wetting phase is discontinuous and isolated in the pore space (patchy saturation), the imbibition
efficiency is poor and the residual oil saturation is high. From simulation results, we found that two-phase Lattice-Boltzmann
implementation can simulate realistic two-phase fluid flow in complex pore geometries, which could complement or replace
difficult and time-consuming laboratory measurements. In addition, it can help us to understand the underlying pore-scale physics
and determine appropriate macroscopic relations in two-phase systems. Lastly, the two-phase simulator can be a module for more
complex applications, such as capillary pressure curve simulation, relative permeability estimation from thin sections and diagenesis
modeling with two-phase fluid flow.

INTRODUCTION

Two-phase flow in porous rock has considerable
economic and scientific importance in typical oil reservoirs.
However, the description of two-phase flow phenomena is
much more complicated than single-phase, because it involves
more physical factors, such as surface tension and wettability.
Moreover, the measurement of relative permeability of each
fluid is very time consuming and costly. An alternative way to
obtain relative permeability using two-phase simulation has
been introduced. Among them, computation using cellular
automata theory has quite nice properties and has begun to be
used more widely. The cellular automata method is
comparatively simple to implement and very robust for
complicated rock geometries. It has been successfully applied
for two-phase flow simulations (Gunstensen and Rothman,
1993; Olson and Rothman, 1997) to some extent. We
developed two-phase simulation program using the Lattice-
Boltzmann (LB) method, which is one of cellular automata
implementations. In this paper, we will focus on following
objectives: (1) Implementation of the two-phase LB flow
simulators; (2) Verification of the implementation through
several idealized numerical experiments, the results of which
have been shown by laboratory measurements or are known
from theory; (3) Feasibility and applicability tests for the

simulator with realistic and complex pore geometries; (4)
Investigate the effect of initial distributions of two fluids as
one of applications using this implementation.

NUMERICAL SIMULATION OF TWO-PHASE FLOW

The Lattice-Boltzmann method for single-phase flow
describes fluid flow as collisions of mass particles in a lattice
(Chen et al., 1992). In two-phase flow, we follow almost the
same procedures as in the single-phase case, except that we
have two different types of particles representing two
immiscible fluids, and we need to calculate surface tension
and wettability as well as pressure gradient. The two
immiscible fluids – non-wetting and wetting fluids, are
commonly called red and blue particles respectively, as they
were introduced by Rothman and Keller (1988). This concept
is roughly equivalent to have color-dyed fluids, which allows
us to see the fluid motion but does not affect the fluids
themselves. Interactions between these two colors (species)
are the key ingredient of two-phase fluid flow. For instance,
an immiscible two-phase flow can be simulated with a local
interaction between particles with the same type and a local
repulsion between particles of different types. For this reason,
a color gradient is computed using the color densities of nearest
neighboring nodes. The direction of this gradient determines
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the local interface between two fluids. Then, the post collision
density distribution of each fluid is chosen so that a particle
of a given color preferentially moves in the direction where
the same color species reside. Mass and momentum of each
type of fluid should be conserved during these procedures.
Extensive details can be found in Rothman and Zaleski (1997)
and Keehm (2003). Due to the additional calculation, two-
phase flow simulation requires very intensive floating-point
calculations, one or two order of magnitude higher than single-
phase flow simulations. We developed an efficient parallel
two-phase LB code (Keehm et al., 2002) and it is used for
most calculations in this paper.

VERIFICATION OF IMPLEMENATION

In this section, the implementation of the two-phase
Lattice-Boltzmann method is applied to many different
idealized situations in which the results are already known
from theory or laboratory measurements. This will show that
the implementation is valid and applicable for real physical
two-phase flow in porous media.

Capillary Pressure

A common experiment for capillary pressure between
two immiscible fluids is to use spherical bubbles of non-
wetting fluid (Gunstensen and Rothman, 1992). In this case,
the capillary pressure is given by Laplace’s equation (Dullien,
1992),
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 are pressures inside and outside of

the bubble and R is the radius of the bubble. Four different
sizes of bubbles (Figure 1) are used for the numerical
experiments. Figure 1(b) shows the capillary pressures for four

different bubbles. The theoretical prediction is shown as a
solid line. The simulated values (dots) are obtained by simply
calculating pressures inside and outside after the numerical
simulations. The numerical flow simulation results show very
good agreement with the theoretical prediction. Small
discrepancies come from the discretization effect of the bubble.
This numerical experiment shows that our implementation
honors Laplace’s equation for capillary pressure.

Wettability and Contact Angle

Two-phase fluid systems in porous media always
involve solid phase; hence three interfacial tensions are
involved (Figure 2). In equilibrium, the horizontal forces are
balanced as follows :
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 is interfacial tension between the solid and
water, γ

so
 is interfacial tension between the solid and oil, γ

ow
 is

interfacial tension between oil and water, and θ is the contact
angle.

Figure 3 shows different wettability situations.
Initially, the non-wetting phase is initially located at the
bottom-center of the box. With neutral wettability, the contact
angle shows 90° as theory predicts. As the wettability
increases, the contact angle decreases accordingly, and
eventually the non-wetting phase is separated from the bottom
and forms a spherical bubble. Therefore the implementation
not only replicates the right contact angles but also handles a
wide range of wettabilities.

Two-phase Flow through Pipes

Now we will include an external driving force, a
pressure gradient, which moves the two fluids to flow through
porous media. Figure 4 shows simple pipe models with three
different diameters. We used the same values of pressure
gradient and wettability for all models. The left column shows

Figure 1: (a) Four different sizes of non-wetting bubbles in a sea of
wetting-phase fluid. (b) Capillary pressure vs. reciprocal
of bubble radius. Simulated values (dots) agree well with
the theoretical prediction (solid line). Figure 2: Equilibrium at a line of contact (Craig, 1971).
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imbibition in which the wetting fluid replaces the non-wetting
fluid and the right column shows drainage where the non-
wetting fluid is pumped into the wetting-fluid-saturated system.
As the diameter of the pipe increases, we can observe that the
contact angles decrease accordingly because the capillary
pressure decreases (Equation 1). It is also observed that the
contact angle at imbibition (θ

1
) is greater than that at drainage

(θ
2
). This is the well-known contact angle hysteresis (Dullien,

1992). We can also observe the capillary pressure in this simple
model. Figure 4 shows the pressure profiles along the samples.
The profile lines, A-A’ and B-B’ are shown in Figure 3. The
pressure in the non-wetting phase is always higher than that in
the wetting phase because of the capillary pressure near the
interface. The simulation successfully shows the capillary
hysteresis.

Simple Mixed-wet System

The algorithm of the Lattice-Boltzmann method also
enables us to have a very complex mixed-wet system. This
would be very useful for simulating two-phase fluid flow
through mixed-wet porous media. The model (Figure 5) is a
simple pipe with different wettabilites of the solid phase. The
first half of the solid is water-wet, while the other is oil-wet.
The pore is initially saturated with oil and water is pumped
from the left-hand side. Until the meniscus between oil and
water meets the boundary between water-wet and oil-wet
solids, it is convex to the water phase. However, as soon as
the meniscus reaches the boundary, it becomes convex to the
oil phase. This is a very simple mixed-wet system. However,
the two-phase LB method can handle more complicated mixed-
wet situations. Actually, we can assign a different wettability
to each node.

Figure 3: Contact angles by the two-phase Lattice-Boltzmann
simulation. Each plot is shown as a cross-sectional view.
Initially the non-wetting fluid is located at the bottom
center of the box. As wettability increases, the contact
angle decreases accordingly. Eventually the non-wetting
phase is detached from the bottom and forms a spherical
bubble.

Figure 3: Imbibition (left column) and drainage (right column)
through pipes. Fluid is pumping from the left-hand side
of the pipe. Each row has a pipe of a different radius.
Note that the contact angle at imbibition is different from
that at drainage. The two lines (A-A’ and B-B’) in the
middle row are for the pressure profiles in Figure 4.

Figure 4: Pressure profiles along the pipe model for imbibition and
drainage. Dots are pressure values from the simulation.
The A-A’ and B-B’ lines are from Figure 3. Black solid
line denotes a constant pressure drop.
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experiments show that under this condition the wetting phase
in the smaller tube is trapped while that in the bigger tube is
replaced by the non-wetting phase (Lenormand et al., 1983;
Chatzis and Dullien, 1983). Figure 6 shows that the two-phase
Lattice-Boltzmann method successfully replicates the
drainage-type snap-off, which tells us that the method
accurately describes capillary pressure phenomena of porous
media.

TWO-PHASE FLOW IN FONTAINEBLEAU
SANDSTONE

This section presents two-phase flow simulations in
realistic and complex porous media. For this last example,
we use a digital sample of a real rock. Recent advances in
imaging techniques using the synchrotron X-ray micro-
tomography make it possible to obtain 3D pore structures at
high resolution (Hazlett, 1995; Coker et al., 1996). The digital
rock sample was reconstructed from X-ray images of
Fontainebleau sandstone at 7.5µm spatial resolution.

Cubic subsets of the digital rock sample are used in
other chapters of this study. One subset of the digital
Fontainebleau sandstone is shown in Figure 6 with 256 X 128
X 128 cells.

There is no widely accepted macroscopic relation in
two-fluid systems. However, if two fluids were

Figure 5: Two-phase flow in a mixed-wet system. Plots are shown
in cross-sectional views of a pipe model. The solid part
has two regions of different wettability. The left half is
water-wet and the right half is oil-wet. Initially the pore is
filled with oil, and water is pumped from the left-hand
side. Time in the title of each plot is in the simulation
unit. The meniscus between oil and water changes when
it meets the boundary between the water-wet and oil-wet
solid.

Drainage-type Snap-off

Another well-studied model of immiscible
displacement, the so-called pore doublet model, is a little more
complicated. A typical pore doublet consists of two tubes with
different diameters, joined at both ends (Figure 6). Since the
capillary pressure is inversely proportional to the radius of
the tube, the capillary pressure of the smaller tube is greater
than that of the bigger tube. Drainage-type snap-off occurs
when the external pressure gradient is big enough to
overwhelm the capillary pressure of the bigger tube, but is
not big enough for the smaller tube. Theory and laboratory

Figure 6: Drainage-type snap-off in a doublet. (a) Initial stage. Pore
space is completely saturated with water (wetting phase).
(b) After 5000 iterations. Oil is replacing water in the
system. (c) After 10000 iterations. (d) Final stage. There
is a continuous oil phase through the bigger pore, while
the water phase is trapped in the smaller pore.
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macroscopically separated in porous media, each phase would
satisfy Darcy’s equation:

q  w = - κ κrw

µw

dPw

dx
(3)

where the subscripts w and n denote wetting and
nonwetting fluids and P

c
 is the capillary pressure. The new

parameters, κ
rw

 and κ
rn

 are called relative permeabilities for
the wetting and non-wetting phases, respectively. Although
Equations (3) is used for most practical modeling, there are
many issues regarding its applicability. First of all, the
equations implicitly assume that the two fluids flow
independently each other through the porous media. Coupling
between two fluids or any flow-driven changes in the interface
geometry are limited in this approach. The coupling between
two fluids has been studied and the results are quite
controversial – from negligible to significant (Olson, 1995).
A modification of Darcy’s law with coupling terms has been
suggested (Gunstensen and Rothman, 1993). Secondly and
more fundamentally, it is unclear why the two-fluid system
with non-linear capillary force would obey a linear relation
between the flux and pressure gradient (Adler and Brenner,
1988). Although there are many issues with Equation (3), we
will use the equation to address calculated relative
permeability from the two-phase flow simulation.

There are typically two kinds of laboratory
measurement techniques for two-phase fluid flow and relative

permeability estimation – steady state and unsteady state
methods. Both techniques were implemented and simulated,
although the numerical implementations are a little different
from the laboratory measurement techniques. Details on each
simulation technique are covered in (Tiab and Donaldson,
1996). Figure 8 shows the final distribution of two fluids in
the Fontainebleau sandstone sample after the steady-state flow
simulation. The solid grains are shown as white. Green
geometry is the pore structure filled with water, and red denotes
the oil phase. We can see how complexly the two fluids are
distributed. The calculation time for typical pore geometry of
128⋅128⋅128 nodes is a few hours on a PC workstation with a
1.7GHz Pentium4 processor. Our parallel two-phase LB code
performs about 12 times faster with a 16-processor parallel
cluster than its serial conterpart. The relative permeability
curves are obtained from the steady state flow simulation as
functions of water (wetting phase) saturation (Sw). Figure 9
shows wetting and nonwetting relative permeability curves.
In this calculation, we use a digital rock with 256⋅256⋅256
nodes.

Figure 10 shows two series of snapshots from a
steady-state flow simulation. The water saturation is about
90%; the oil phase loses connectivity and is trapped in the big
pore space. Column (a) is under a low pressure gradient and
Column (b) is under a pressure gradient high enough to drive
the oil phase against the capillary pressure. Three snapshots
at each column were taken 5000 iterations apart. No oil has

Figure 7: Pore geometry of a Fontainebleau sandstone sample from
synchrotron X-ray microtomography technique. Gray
denotes pore.

Figure 8: Distribution of two fluids after the steady-state simulation.
White parts denote solid grains and greenish yellow
denotes pore structure filled with water. The oil phase is
shown in red. Fluid flows from right to left.

Relative Permeability Simulation
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moved during the simulation in Column (a). The oil phase is
trapped and stays in the big pores. However, with the high
pressure gradient, the oil blobs can go through pore throats
and flow with water. Due to the capillary pressure, which is a
function of pore geometry and types of fluids, the relative
permeability is not linear to pressure gradient. This implies
that the extended Darcy’s law for two-phase flow is not
completely valid. The nonlinearity effect is bigger at high water
saturation, when the oil phase loses continuous connectivity.

The unsteady-state simulation technique mimics oil
migration and production in oil reservoirs. Initially the rock
sample is fully saturated with water. Oil is pumped into the
sample and water is drained until no more water is produced
(drainage). The saturation at this point is often called
irreducible water saturation. Then the sample is jacketed and
allowed to adjust to capillary equilibrium. After achieving
equilibrium, water is pumped into the sample (imbibition),
and the volumes of the two fluids at the inlet and outlet are
measured. Figure 11 shows snapshots during the simulation.
The color notations are the same as in previous figures. The
drainage simulation is shown in Column (a). Initially the
sample is completely water-saturated, and then the oil phase
replaces water in big and well-connected pores first, and forms
finger-type shapes. Finally no more water is produced and
the drainage simulation is finished. The oil movement is not
very continuous during the drainage. The oil phase gathers in
big pores and suddenly moves to neighboring pores through
pore throat. This is called intermittent flow. The irreducible
water saturation is about 30%. During the imbibition of
Column (b), we can observe residual oil saturation.

We have shown that the two-phase LB method
represents realistic two-fluid flow in complex pore geometry
reasonably well. Both the steady state and unsteady state
simulations can replicate laboratory measurements. Moreover,
the LB method can give all parameters locally in a rock, such
as pressure, saturation and flux as a function of location and
time, which can be used for other applications. Through the
numerical experiments, we found that the implementation of
the two-phase Lattice-Boltzmann method can be a good
candidate for calculating relative permeability and also for
exploring the pore-scale physics of two-phase fluid flow. In
the following section, we will present a simple application
that makes use of the implementation.

EFFECT OF INITIAL DISTRIBUTION OF TWO
FLUIDS

This section present a simple application to show
the potential of two-phase Lattice-Boltzmann implementation

Figure 9: Relative permeability curves from two different subsets
of the digital Fontainebleau sandstone samples.

Figure 10: Two-phase flow in a Fontainebleau sandstone (a) under
low pressure gradient, and (b) under high pressure
gradient. Fluid flows from right to left. Color notations
are the same as in Figure 6.12. Each gray arrow represents
a time lapse of 5000 iterations.

Relative Permeability Simulation
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for exploring the pore-scale physics of two-phase fluid flow
in real rock. The spatial distribution of pore fluids can have a
significant impact on physical properties of rocks. For
example, elastic properties of a rock with uniform saturation
of fluids may be very different from those with patchy
saturation (Sengupta, 2000). Similarly, the original distribution
of two fluids in a pore structure will have a significant effect
on how the two fluids flow and finally what the relative
permeabilities will be. We investigate the effect of initial two-
fluid distribution on the sweep efficiency. Two different initial
distributions of fluids are shown in the top row of Figure 12.
The left-hand side is patchy-type saturation, where the oil
phase is located at the center of the sample, while the right-
hand side shows a final distribution from the drainage
simulation. Both have initially about 40% water saturation
initally. As the simulation proceeds, the oil phase is replaced
by the water phase. Final distributions of two fluids from both
cases show noticeable differences. The residual oil saturation
from patchy saturation is larger than from drainage simulation,
and the locations of residual oil are also very different.

Figure 13 shows the saturation change during the drainage
simulation. The water replaces oil more efficiently in the
sample from the drainage simulation. The figure also shows
more clearly about the difference in residual oil saturation.
From this simple example, we observe that our implementation
can simulate the subtle details of two-fluid distributions in
pore geometry realistically and it implies that two-phase flow
phenomena can be more complicated with all these minor
details. At macroscopic scale, the details may contribute in a
predictable way; however, we really need to understand the
dynamics at pore scales to understand two-phase flow more
thoroughly.

CONCLUSION

We developed and implemented two-phase Lattice-
Boltzmann flow simulators. We then performed two-phase
flow simulations on digital rock samples to understand the
links between pore geometry and relative permeability. The
main results are as follows:

Figure 11: Two-phase flow in a Fontainebleau sandstone. Isosurface
plots for (a) drainage and (b) imbibition. The red part is
imbibed oil and green denotes pores filled with water. Figure 12: Imbibition simulations on (1) a sample with patchy

saturation, and (2) a sample from a drainage simulation.

Relative Permeability Simulation
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1. The implementations simulated the steady-state
measurement of relative permeability reasonably well and
are still much more cost-effective than actual laboratory
measurements. The parallel implementation makes the
calculation-intensive two-phase simulation very efficient.

2. Two-phase LBM can simulate realistic two-phase flow
in porous media and replicate many two-phase flow
phenomena, such as Laplace’s law, contact angle,
capillary pressure, and snap-off in a pore doublet.

3. Nonlinearity between flux and pressure gradient was
observed through steady-state simulation and can be
explained by the fact that the controlling force, capillary
pressure, is not linear.

4. The effect of initial distributions of two fluids on relative
permeability is bigger for oil than water, especially when
the oil saturation is low i.e., the oil phase is discontinuous.
Patchy saturation would have a considerable impact on
oil recovery by affecting both sweep efficiency and
residual oil saturation.

5. The two-phase LBM can be a tool to explore two-phase
flow at pore scales in complex, realistic pore geometry,
and can compliment many laboratory measurements that
are very difficult or time-consuming.

6. A few immediate applications using the two-phase LBM
include relative permeability estimation from thin
sections, diagenesis modeling with two-phase fluid flow,
and capillary pressure curve simulation.
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